Abstract. Let u be a local weak solution of the Navier-Stokes system in a space-time domain D ⊆ R n × R. We prove that for every q > 3 there exists ǫ > 0 with the following property: If (x 0 , t 0 ) ∈ D and if there exists r 0 > 0 such that
1 r n+2−q t+r 2 t−r 2 |y−x|≤r |u(y, s)| q dy ds ≤ ǫ then the solution u is regular in a neighborhood of (x 0 , t 0 ). There is no assumption on the integrability of the pressure or the vorticity.
1. Introduction. In this paper, we address conditional regularity in Morrey spaces for solutions of the Navier-Stokes equations
in space dimension n ≥ 3. It is well-known that given divergence-free initial condition u(·, 0) = u 0 ∈ L 2 , there exists a global weak solution of the Navier-Stokes system (1.1). Also, if the datum is sufficiently smooth, there exists a local in time smooth solution. Except for n = 2, it is not known if the solution remains smooth for all time or the singularities may develop.
Many sufficient conditions are available which guarantee smoothness of local weak solutions. The best known such condition is due to Serrin [21] and states that if u ∈ L s t L q x (D), where 2/s + n/q < 1, then the solution u is regular, i.e., infinitely smooth in the spatial variable. Note that we can not deduce time regularity of local weak solutions due to the role of the pressure (cf. [21] for an explicit local solution with no regularity in time). In [24] , it was shown that
where 2/s + n/q ≤ 1 and ǫ * > 0 is sufficiently small (subject to a condition to the square integrability of the vorticity), implies that u is regular. A result with (s, q) = (∞, 3) without the smallness assumption was obtained in [5] (cf. also [15] for the global result).
More natural and general than Lebesgue type conditions are conditions on the Morrey type norms [3, 4, 10, 17] . Recall that the local parabolic Morrey norm with parameters p and λ is
where Q r (x 0 , t 0 ) = B r (x 0 )×(t 0 −r 2 , t 0 +r 2 ) is the parabolic cube centered at (x 0 , t 0 ) with radius r. The Morrey spaces provide a more natural setting for the study of the Navier-Stokes equations than the Lebesgue spaces since they are adapted to the size of the Oseen kernel (recall that by [6, 23] , the Oseen kernel K satisfies |K(x, t)| ≤ C/(|x| + √ t) n+1 ). Also, recently, the Morrey space techniques proved to be directly connected with the partial regularity theory for the Navier-Stokes equations [8, 9] . The partial regularity theory is concerned with the estimate of the size of the Navier-Stokes singular set ( [2, 14, 16, 18, 19, 20] ). In [3, 4] , Chen and Price proved in the case n = 3 the regularity of weak solutions under the condition
loc . In our recent paper [10] , we proved that (1.4) implies regularity under the condition q ∈ (2, n + 2]-however, with the requirement on the pressure p ∈ L q/2 (D). The purpose of the present paper is to prove regularity in Morrey spaces under no assumption on the vorticity or the pressure. Our main theorem states that for every q ∈ (3, n + 2], there exists
The significance of the lower bound 3 in the above condition is that u ∈ L q with q > 3 guarantees integrability of the product uω, where ω is the vorticity. Note that the main result (Theorem 2.1 below) implies Struwe's result except when (n, q, s) = (3, 3, ∞). 
and ∂ k u k = 0 hold in the sense of distributions. (We use the summation convention on repeated indices throughout.) For (x 0 , t 0 ) ∈ R n × R and r > 0, we denote by
the parabolic cube centered at (x 0 , t 0 ) and abbreviate Q r = Q r (0, 0). 
We note that the left side of (2.6) is defined in (1.3). By u regular we mean that u is C ∞ in the spatial variable (or more precisely,
(cf. [11] ). Therefore, we immediately obtain the following corollary.
Corollary 1. For every q ∈ (3, n + 2] , there exists ǫ * > 0 with the following property. If
We now turn to the proof of Theorem 2.1. From [10] , we recall the next lemma on fractional integration in Morrey/Lebesgue spaces.
where α > 0. Assume that q < (n + 2 − λ)/α. Then for
where the constant C depends on α, λ, q, and p.
Above and in the sequel, the symbol C denotes a generic positive constant which depends on n; all other dependence is noted explicitly. Also, the double integrals without stated domain of integration are over the set R n × R. In the proof of Theorem 2.1, we shall use the following simple fact.
where K is measurable and satisfies
where C depends on α.
Proof. In order to obtain (2.8), simply observe that the integrand vanishes for (y, s) ∈ Q 3ρ/5 and that
Proof of Theorem 2.1. Without loss of generality, we may assume that D 0 = D. Let (x 0 , t 0 ) be an arbitrary point in D 0 . We shall prove that the solution u is regular in a neighborhood of (x 0 , t 0 ). In n space dimensions, the vorticity ω = (ω ij ) n i,j=1 is defined by
For each fixed i, j = 1, . . . , n, we deduce from (2.5) that the components ω ij (which are distributions in D) satisfy the equation
By the hypoellipticity of the heat operator, we observe that ω ij is a function and that
where η is a suitable smooth cut-off function and G is the heat kernel, i.e., G(x, t) = (4πt) −n/2 exp(−|x| 2 /4t) for t > 0 and G(x, t) = 0 for t ≤ 0. The difference ω ij − v is smooth on the set where η ≡ 1 since
where κ = r ρ for all 0 < 2r ≤ ρ and (x 1 , t 1 ) such that
In the proof of this claim, the point (x 1 , t 1 ) is fixed. For simplicity of notation, we translate in (x, t) so that (x 1 , t 1 ) coincides with the origin (0, 0). Throughout the paper, let η 0 ∈ C ∞ 0 (R n × R, [0, 1]) be a smooth cut-off function such that η 0 ≡ 1 on Q 3/5 and supp η 0 ⊆ Q 4/5 . Let
(Note that η ≡ 1 on Q 3ρ/5 and supp η ⊆ Q 4ρ/5 .) A straight-forward computation shows that (2.9) implies
Therefore,
Let r ∈ (0, ρ/2) be arbitrary. By the parabolic regularity, we have
and therefore
The term I 2 is treated analogously leading to the same upper bound. Regarding I 3 , we note that
c since η is constant there. Observing that
and using Lemma 2.3, we get
for (x, t) ∈ Q r , and thus
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The term I 4 is treated the same way as I 3 leading to the same upper bound. Regarding I 5 , we have for (x, t) ∈ Q r
by Lemma 2.3 and thus
The same estimate holds for I 6 . Collecting all the inequalities above, we obtain
for all r ∈ (0, ρ/2). Therefore, (2.10) holds provided we have (2.11). Now, fix κ ∈ (0, 1/2] such that Cκ 2 ≤ 1/2, where C is the constant in (2.10). We get
provided (2.11) holds. Iterating the above inequality, we conclude that there exists r 1 ∈ (0, r 0 ) such that
By adjusting D and ǫ * , we may thus assume without loss of generality that
As above, fix i, j ∈ {1, . . . , n}. Also, fix a point (x 1 , t 1 ) ∈ D which we may assume by translation to coincide with (0, 0). With η as above, we obtain from the vorticity equation
Using Lemma 2.2, we get
from where
.
The term J 2 is treated the same way. Using Lemma 2.3, we obtain for (x, t) ∈ Q r ,
and thus
The bound for J 4 is the same as the one for J 3 . Using Lemma 2.3, we get for (x, t) ∈ Q r ,
where κ = r/ρ. The same bound holds for J 6 . Collecting the estimates above, we get
from where, using (2.14), (Qρ(x1,t1)) . Now, fix ǫ ∈ (0, 1) to be determined. Choose and fix a constant κ ∈ (0, 1/2) such that C 0 κ 2 ≤ κ 2−ǫ /2 and then ǫ * ∈ (0, 1) for which
which holds for r = κρ and therefore, by monotonicity of
as a function of ρ, also for r ≤ κρ. Using (2.7) and (2.16), we obtain
as long as
(2.19) provided that (2.18) holds, where we used ǫ * ≤ 1. The inequality (2.19) implies (x 0 , t 0 ) ). Using Lemma 2.2 and the representation (2.15), we obtain ω ∈ L p (Q r (x 0 , t 0 )) where r < ρ/2 and p = q 3 − 3q/(q + ǫ) .
Note that p can be made arbitrarily large if ǫ is sufficiently close to 0. Therefore, we may choose ǫ > 0 so small that p ≥ 3n/4. Then ω ∈ L 3n/4 loc
Serrin's theorem then implies that u is regular.
